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■ Abstract. Without any additional conditions on subadditive potentials, this pa- 

per defines subadditive measure-theoretic pressure, and shows that the subadditive 
measure-theoretic pressure for ergodic measures can be described in terms of measure- 
theoretic entropy and a constant associated with the ergodic measure. Based on the 
definition of topological pressure on non-compact set, we give another equivalent def- 
1 inition of subadditive measure-theoretic pressure, and obtain an inverse variational 

principle. This paper also studies the supadditive measure-theoretic pressure which 
^\ ■ has similar formalism as the subadditive measure-theoretic pressure. As an appli- 

cation of the main results, we prove that an average conformal repeller admits an 
ergodic measure of maximal Haudorff dimension. Furthermore, for each ergodic mea- 
^—^ ■ sure supported on an average conformal repeller, we construct a set whose dimension 

£S) ■ is equal to the dimension of the measure. 



Key words and phrases, nonadditive, measure-theoretic pressure, variational principle, ergodic mea- 
sure, Hausdorff dimension. 



Introduction. 

It is well-known that the topological pressure for additive potentials was first introduced by Ruelle 
for expansive maps acting on compact metric spaces ( 24 ), furthermore he formulated a variational 
principle for the topological pressure in that paper. Later, Walters f[2"o]) generalized these results to 
general continuous maps on compact metric spaces. In [23], Pesin and Pitskel' defined the topological 
pressure for noncompact sets which is a generalization of Bowen's definition of topological entropy for 
noncompact sets ([!]), and they proved the variational principle under some supplementary conditions. 
The notions of the topological pressure, variational principle and equilibrium states play a fundamental 
role in statistical mechanics, ergodic theory and dynamical systems (see the books [51 12"7]). 

Since the work of Bowen ([5]), topological pressure becomes a fundamental tool for study of the 
dimension theory in conformal dynamical systems (see [22 ). Different versions of topological pressure 
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were defined in dimension theory and ergodic theory. It has been found out that the dimension of non- 
conformal repellers can be well estimated by the zero of pressure function (see e.g. [TJ [H HH EH US])- 
Falconer (|13j) considered the thermodynamic formalism for subadditive potentials on mixing repellers. 
He proved the variational principle under some Lipschitz conditions and bounded distortion assump- 
tions on subadditive potentials. Barreira ([2]) defined topological pressure for arbitrary sequences of 
potentials on arbitrary subsets of compact metric spaces, and proved the variational principle under 
some convergence assumptions on the potentials. However, the conditions given by Falconer and 
Barreira are not usually satisfied by general subadditive potentials. 

In [5] , the authors generalized the results of Ruelle and Walters to subadditive potentials in general 
compact dynamical systems. They defined the subadditive topological pressure and gave a variational 
principle for the subadditive topological pressure. We mention that their result do not need any addi- 
tional conditions on either the subadditive potentials or the spaces, as long as they are compact metric 
spaces. In 30 , the authors defined the subadditive measure-theoretic pressure by using spanning sets, 
and obtained a formalism similar to that for additive measure-theoretic pressure in [15] under tem- 
pered variation assumptions on subadditive potentials. Another equivalent definition of subadditive 
measure-theoretic pressure is given in |31j under the same conditions on the sub-additive potentials 
by using the definition of topological pressure on noncompact sets. In [23], Zhang studied the local 
measure-theoretic pressures for subadditive potentials. The pressure is local in the sense that an open 
cover is fixed. 

Part of this paper is a continuation of the work in |30j and |31j . We modify the definition of subaddi- 
tive measure-theoretic pressure there, and remove the extra condition for the formulas. More precisely, 
for an ergodic measure //, the subadditive measure-theoretic pressure defined by using Caratheodory 
structure can be expressed as the sum of the measure-theoretic entropy and the integral of the limit 
of the average value of the subadditive potentials. Consequently, this paper gives equivalence to an 
alternative definition of subadditive measure-theoretic pressure by considering spanning sets about 
which the Bowen balls only cover a set of measure greater than or equal to 1 — S. The results we get 
here do not need any additional assumptions on the subadditive sequences and the topological dynam- 
ical systems, except for compactness of the spaces. Meanwhile, we also define the measure-theoretic 
pressure for supadditive potentials in a similar way and obtain the same properties. 

The present work is also motivated by the dimension theory in dynamical systems. Dimensions 
of a compact invariant set can often be determined or estimated by a unique root of certain pressure 
functions. As an application, we proved that the dimension of an average conformal repeller which 
is introduced in [TJ satisfies a variation principle, i.e., the dimension of this repeller is equal to the 
dimension of some ergodic measure supported on it. Moreover, for each ergodic measure supported 
on an average conformal repeller, we could construct a certain set with the same dimension of the 
measure. 

The paper is organized in the following manner. The main results, as well as definitions of the 
measure-theoretic pressure and lower and upper capacity measure-theoretic pressure for subaddtive 
potentials, are given in Section 1. We prove Theorem A and B, the results related to subadditive 
potentials, in Section 2. Section 3 is devoted to supadditive potentials, where we give definitions 
of the pressures, and prove Theorem C and D. Section 4 is for application to dimension of average 
conformal repellers, where the results are stated in Theorem E and F. 

1 Main results 

Let {X,T) be a topological dynamical systems(TDS), that is, X is a compact metric space with a 
metric d, and T : X — > X is a continuous transformation. Denote by M.t and St the set of all 
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T-invariant Borcl probability measures on X and the set of ergodic measures respectively. For each 
H £ Mt, let h^T) denote the measure-theoretic entropy of T with respect to /i. 

A sequence J 7 = {f n }n>i of continuous functions on X is a subadditive potential on X, if 

f n+m (x) < f n (x) + f m (T n x) for all x £ X, n,meN. 

For n £ Mt, let J-*(fj) denote the following limit 

F*(n) = lim - [ f n dfi= infji [ f n dfi\. 

n— >oo n J n>l (. n J ) 

The limit exists since {J /nd/i}„>i is a subadditive sequence. Also, by subadditive ergodic theorem 
[18] the limit lim (l/n)/„ exists /> almost everywhere for any /jgMj. 

Let d n (x,y) = max{d(T l (x), T l (y)) : i — 0, • • • , n — 1} for any x, y S X, and B n (x,e) — {y £ 
X : d n (x,y) < e}. A set E C X is said to be an (n, e)-separated subset of X with respect to T if 
x,y £ E, x 7^ y, implies d n (x,y) > e. A set f CI is said to be an (n, e)-spanning subset of X with 
respect to T if Va; S A, 3y £ F with d„(x, y) < e. For each fx £ Mt, < 5 < 1, n > I and e > 0, 
a subset F C I is an (n, e, <5)-spanning set if the union IJ^g^ B n (x, e) has /i-measure more than or 
equal to 1 — 8. 

Recall that the subadditive topological pressure of T with respect to a subadditive potential J 7 = 
{fn}n>i is give by 



P{T,F) = lim lP(T, 7", e), 

e— >0 



where 



P(T, 7, e) = lim sup - log P„ (T, JF, e) , 

P n (T, J 7 , e) = sup{^ e-W 31 ) : E 1 is an (n, e)-separated subset of X}. 

(See e.g. [2], [8].) It satisfies a variational principle (see [8] for a proof and [32] for its random version). 

In [T7], Katok showed that measure-theoretic entropy can be regarded as the growth rate of the 
minimal number of e-balls in the d n metric that cover a set of measure more than or equal to 1 — 8. 
Motivated by the observation, the following definition can be given. 

Definition 1.1. Given a subadditive potential J 7 = {f n }, for fi £ £t, < <5 < 1, n > 1, and e > 0, 

put 

Pfj,(T, J 7 , n, e, 8) = inf{^^ exp[ sup fn(y)] \ F is an (n,e,8) — spanning set}, 
xeF yeB n (x,e) 

P^(T,J 7 ,e,5) = lim sup - log P M (T, J 7 , n, e, 8), 

P M (T, T, 8) = limmf P M (T, T , e, S), 

P^J 7 ) = lim P^T, J 7 , 8). 

P M (T, J 7 ) is said to be the subadditive measure-theoretic pressure of T with respect to J 7 . 

Remark 1.1. It is easy to see that P M (T, J 7 , 8) increases with 5. So the limit in the last formula 
exists. In fact, it is proved in Theorem 2.3] that P^(T, J 7 , 8) is independent of 8. Hence, the limit 
of 8 — > is redundant in the definition. The same phenomenon can also be seen for measure-theoretic 
entropy (see \17[ Theorem 1.1]). 
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Remark 1.2. If J- = {f n } is additive generated by a continuous function ip, that is, f n {x) = 
Y^i=o ip(T l x) for some continuous function ip : X — > K, then we simply write P^(T, J 7 ) as P^(T, ip). 

An alternative definition of subadditive measure-theoretic pressure can be given by using the theory 
of Caratheodory structure (see [52] for more details in additive case). 

Let Z C X be a subset of X, which does not have to be compact nor T-invariant. Fix e > 0, we 
call r = {B ni (xi,e)}i a cover of Z if Z C \J. B ni (xi, e). For T = {B ni (xi, e)}j, set n(r) = mini{rii}. 

The theory of Caratheodory dimension characteristic ensures the following definitions. 

Definition 1.2. Let s > 0, put 

M(Z, J 7 , s, N, e) = infV]exp(-sn i + sup fm(y)), (!•!) 

r i yeB, H ( Xi ,e) 

where the infimum is taken over all covers T of Z with n(T) > N. Then let 

m(Z,'F,s,e)= lim M(Z,T,s,N,e), (1.2) 

N— >oo 

Pz(T, J 7 , e) = inf{,s : m(Z, J 7 , s, e) = 0} = sup{s : m(Z, J 7 , s, e) = +oo}, (1-3) 
P z (T,J-)=liminfP z (T,J-,e), (1.4) 

e— >0 

where Pz(T,J-) is called a subadditive topological pressure of T on the set Z (w.r.t. J-). 
Further, for \i £ M.t, put 

P;(T,T,e) = M{P z (T,T,e) : n{Z) = 1}, 

P; (T, iT) = lim inf P* (T, Jf, e), (1.5) 

where P*(T, J 7 ) is called a subadditive measure-theoretic pressure of T with respect to /i. 

It is easy to see that the definition is consistent with that given in [5] by using arbitrary open 
covers. 

Lower and upper capacity topological pressure for additive sequence were defined in [22 . Now we 
give similar definitions: 



Definition 1.3. Put 



A(Z, T,N,e) =inf^exp( sup f N (v)), 



1 y£B N (xi,e) 



where the infimum is taken over all covers T of Z with Hi = N for all i. Then we set 

CP Z (T, T, e) = lim inf i log A(Z, F, N, e), (1.6) 

AT->oo iV 

CP z (T,T,e) = limsupi-logA(Z,^,Ar,e). (1.7) 

jV->aa ^ v 

For 6 M.t, define 

CP;(T, T, e) = lim inf {CP Z (T, T, e) : n(Z) > 1 - 6}, 
CP* (T, T, e) = lim inf {CP Z (T, J 7 , e) : jj(Z) > 1 - 5}. 

TTie subadditive lower and upper capacity measure-theoretic pressure of T with respect to measure fj, 
are defined by 

CP;(T,T) = liminf CP_;(T, iF,e), (1.8) 
CP*AT,F) = lim inf CP* (T, J 7 , e) . (1.9) 
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Theorem A. Let (X,T) be a TDS and T = {f n }n>i a subadditive potential on X. For any /i £ St 
with J r *(^) ^ — oo, we have 

p;(t, t) = cp;(t, t) = cpI(t, r) = p m (t, t) = h M (T) + 

Remark 1.3. The results still apply for = — oo if h^(T) < oo. 

Remark 1.4. If J- = {f n } is an additive sequence generated by a continuous function ip : X — > R. 
then we have P^(T,(p) — h^(T) + f tpdfi, So Theorem A extends the results in '221 and [15] to the 
subadditive case. Also, the last equality was proved in Ul)j . 

Remark 1.5. By the definition of P*(T,J-,e) and P*(T,J-), the theorem gives h^(T) + J-*(fi) = 
ini{Pz(T, J-) : )J,(Z) = 1}, as in [22]. We call it the inverse variational principle. 

The next theorem says that the infimum in the inverse variational principle can be attained on 
certain sets. 

Theorem B. Let (X,T) be TDS and T = {f n } a, subadditive potential on X. For any // £ St with 
^ — oo, let 

K = <x £ X : limlimsup — — ' — = ha(T) and lim —f n (x) — 

[ e->0 n-^oc n ri-i-oc n 

Then we have 

P M (T, T) = P K (T, T) = CP K (T, T) = CP K (T, F) . 

Similar to subadditive sequences, we can study supadditive sequences. A sequence $ = {4> n }n>i 
of continuous functions on X is a supadditive potentials on X, if 

4> n +m{x) > 4> n {x) + <p m (T n x) for all x £ X, n, m £ N. (1-10) 

Note that if $ = {0„}„>i is a supadditive sequences, then — $ = {— (f> n } n >i is a susadditive 
sequences. So the limit lim (l/n)<p n exists /z-almost everywhere for any /i £ Mt- For /i G M.t, let 



$*(/j) = lim - / (p n dfi = sup i — I (j) n dii\ 

n^oc n J „>! [n J J 



It is always bounded below by J </>id/j. 

With the sequences, we can define supadditive measure-theoretic pressure P M (T, $) and other 
quantities P*{T,^),CP_l{T,^>) and CP*(r,$), etc. (see Section |3] for precise definitions.) 

In [1] , the authors gave the variational principle for supadditive topological pressure for C 1 average 
conformal expanding maps T where the potentials are of the form {(f> n (x)} = {—t\og\\DT n (x)\\} 
with t > 0. However, it is still open whether variational principle holds for supadditive topological 
pressure for a general TDS. Here we show that the supadditive measure-theoretic pressure has similar 
formalisms as subadditive measure-theoretic pressure. 

Theorem C. Let (X,T) be a TDS and $ = {4> n } a supadditive potential on X. For any fi £ St, we 
have 

P;(T, <f ) = CP;(T, $) = CPl(T, <f) = P„(T, $) = K{T) + 

Remark 1.6. For each /i £ St, from the definition o/P*(T, $,e) and P*(T,<&) given in Section\^ 
the theorem gives the inverse variational principle h^T) + = inf{Pz(T, $) : fJ,(Z) = 1}. 

Theorem D. Let (X,T) be TDS, and $ = {</>„} a supadditive potential on X. For any fi £ St, let 
K = {x £ X : lim lim sup Z^M^A^llll = hJT) and lim -<f> n (x) = $*(^)}- 

e-s-0 n^oc 71 ' n-HX3 n 

Then we have 

P M (T, $) = P K (T, $) = CP K (T, $) = CP K (T, $). 
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2 Subadditive measure-theoretic pressures 



We start with the section by some properties of pressures for subadditive potentials. 



Proposition 2.1. Let (X,T) be a TDS and J- = {/«,} a subadditive potential. Then the following 
properties hold: 

(i) Vz 1 {T 1 T) < VzAT,^) ifZx C Z 2 , where V is P, CP or CP; 

(ii) Pz(T,T) = sup^ P Zi (T, J 7 ) and Vz^T-,7) > sup^ Vz t (T, J 7 ), where Z = U. ( >i Zi, and V is 
CP or CP; 

(iii) Pz{T,T) < CP_ Z (T, F) < CP Z (T,~F) for any subset Z C X; 

(iv) P* (T, J 7 , e) < CP*, (T, F,e)<CPl(T,F,e), and P* (T, 7) < CP*, (T, J 7 ) < CP^ (T, J"). 

Proof, (i) and (ii) are dirctly follow from the definition. And (iii) is immediately from similarly 
arguments as in [21 Theorem 1.4 (a)], (iv) follows from (iii) immediately by the definition. □ 

Recall the Brin-Katok's theorem for local entropy (see [7]), which says that if ji G M.t, then for 
jti-almost every x G X, 



h,(x,T) — limliminf log fi(B n (x, e)) = limlimsup log fi(B n (x, e)) 



>0 n— >oo 



c->0 



(2.1) 



Moreover, if // G £t, then for /i— almost every x G X, h,(x,T) — h,(T), and for each e > 0, the 
following two limits are constants almost everywhere: 

liminf log /i(B n (x, e)), limsup log fj,(B n (x, e)). 

Proof of Theorem A. The last equality is a direct consequence of Theorem 2.3 in [llj . By Proposi- 
tionO we only need to prove CP^(T, J") < h^T) + J 7 ^) and P*{T,F) > h^T) + J 7 ^). 

For /i G £t, we first assume h,{T) is finite and set /i = h,(T) > 0. 

Take £ > 0. Fix a positive integer k and a small number r\ > 0. 

Take > such that if e G (0, e„], then for /i-almost every a; G X, 

h — n/2 < liminf log /j(B n (x, e)) < limsup log/i(_B„(a;, e)) < h + r//2. 

n-¥oc n n _>oo n 

This is possible because of (|2.ip . Take < e < min{e^,eo}, where eo is given in Lemma \2. 2 1 Hence, 
for /z-almost every x £ X, there exists a number Ni(x) > such that for any n > Ni(x), 



logfi(B n (x,e/2)) + h 



< 



(2.2) 



By the Birkhoff ergodic theorem, for ^-almost every x G X, there exists a number N 2 (x) > such 
that for any n > N 2 (x), 



i=0 J 



(2.3) 



Given N > 0, set K N = {x € X : Ni(x), N 2 {x) < N}. We have that K N C K N+1 , and Ua^o-^ 
is a set of full measure. Therefore, one can find N > for which h(Kn ) > 1 — 6. Fix a number 
N > Nq. Then for any n > No and any point x G Kjy, by (|2.3|) and Lemma l2~2l below we have 



sup /„(y) < n / jfkdfi + 2nn + C, 

y£B n (x,e) 



G 



where C is a constant given in Lemma [ 

Let E be a maximal (n, e)-separated subset of Kjy, then Kn C U xe B-B n (x, e). Furthermore, the 
balls {B„(x, e/2) : a; £ E} are pairwise disjoint and by (12. 2 p the cardinality of -E is less than or equal 
to expn(/i + 77). Therefore, we have 

A(if A r,7 7 ,n, e) < exp( sup /„(y)) 

i£B yeB n (x,e) 



< exp + rf) ■ exp 



n( /" i/ fc d/i + 2r;) + C* 



exp 



From (|1.7p . we have 

Since /u(-Kjv) > 1 — <5, we have 



CP KN {T,J^,e)< I -fkdfi + h + 3^. 



CP M (T,J-,e) < / -/ fe d M + ^ + 3 ?/ . 



Let e — > and fc — > 00 in the inequality, and by the arbitrariness of 77, we get CP ^ (T, J-) < h + J 7 * (/x) . 

To prove the other inequality, it is sufficient to prove that Pz{T,T) > h + J~*(p) for any subset 
ZCIof full /i-measure. 

Take 77 > and 5 € (0, 1/2), and denote A = h + J 7 * (p) - 2-q. 

Let 

K = \x E X : lim lim sup ~ lo g^»( x ' e)) = ^ ^ ^ 1 = , 

Put if' = KPiZ. By the Brin-Katok's theorem for local entropy and the subadditive ergodic theorem, 
we have n(K) = 1 and then fJ,(K') — 1. For e £ (0, ej, there exists a set Jfi C if' with /i(ifi) > 1 — | 
and iVi > such that for any x £ Ki and n > JVi, we have 

(i(B n (x, 2e)) < exp(-n(h - 77)). 

By the subadditive ergodic theorem, there exists a set K 2 C K' with (J>(K 2 ) > 1 — | and N 2 > such 
that for any x £ X2 and n > -/V2, we have 



Put X = isTi n #2 C K', N > max{JVi, N 2 }. Clearly fi(K) > 1 - 5. We may assume further that 
K is compact since otherwise we can approximate it from within by a compact subset. Take an open 
cover r = {B ni (xi, e)}i of K with n(T) > N. Since K is compact, we may assume that the cover is 
finite and consists of B ni (x\, e), • • ■ , B ni (xi, e). 

For each i = 1, • • • ,1, we choose £ K n B ni {x^e). Hence, B ni (xi,e) C B„ 4 (yj,2e), and 
{B ni (yi, 2e)}i form a cover of if as well. Now we have 



exp(-7i 4 A+ sup / n< (y)) > exp (-7^ A + / w< fa)) 

! ! I ^ 

>^exp(-7T,iA + n;(.F*(/i) - 77)) = ^exp(-7ii(/7 - 77)) > y^/x(-B„. fa,2e)) >!-$>-. 
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Note that the inequality holds for any cover T = {B ni (xi, e)}j of K. Hence 



M(K,F,X,N,e) > -. 

Thus m(K, J 7 , A, e) > 1/2. It means that 

P R (T, J 7 , e) > A = h + J"* [p) - 277, and P R (T, J 7 ) > h + J 7 * (/i) - 2r,. 
Using Proposition 12.11 and arbitrariness of 77, we have 

Pz{T,F) > P R (T,F) >h + T m {ji). 



(2.4) 



So by definition we get P*(T, J 7 ) > h + 

When hfj,(T) = +oo, modify subtly the proof of the second inequality, we can easily have P^{T, J 7 ) = 
+oo. Thus we finish the proof of the theorem. □ 

Proof of Theorem B. As in the proof of Theorem A, set h — h^(f) > 0. Fix an integer k > and a 
small real number 77 > 0. 

For /i- almost every x £ X, there exists a number N\(x) > such that for any n > Ni(x), 



i=0 



For some e £ (0,e^], where t v is chosen in the same way as that in the proof of Theorem A, for 
/i-almost every x £ X there exists a number AT 2 (a;) > such that for any n > N2(x), 



logfi(B n (x,e/2)) + h 



< 77. 



Given A > 0, set Ifjv = {a; £ A' : Ni(x), N 2 (x) < A}, we have A w C K N+1 , and Ujv>o-?Gv = K. 
Similarly, given 5 > 0, we can find Ao > for which /i(Ajv ) > 1 — S. 

Fix a number A > Ao, as in the proof of Theorem A we get that CPk n {T, J 7 , e) < J |/fcd/i+/i+3j7. 
Letting fc — s> 00, e — > 0, since 77 is arbitrary, we get 

CP Kn (T,-F) < h + ^ifj,). 

Letting A -> 00, we have that ~CP K (T, J 7 ) <h + J"*(/_t). 

The inequality Pr- (T, J 7 ) > h + J 7 * (fi) is contained in (|2.4j) since Z is an arbitrary set with full 
measure, and here we have n(K) = 1. 

By Theorem A and Proposition we get the desired result. □ 

Lemma 2.2. Let (X,T) be a TDS and J 7 = {f n } a subadditive potential. Fix any positive integer k, 
then for any 77 > 0, there exist an eo > such that for any < e < eo we have 

n—l 

sup f n (y) < V -f k (T*x) +nn + C, 

yeB n (x,e) i=Q « 

where C = is a constant independent of rj and e. 

Proof. Fix a positive integer k, xfkix) is a continuous function. Hence, for any 77 > 0, there exist an 
60 > such that for any < e < eo, 



'/(.•"■</) ' =• '/ ( j;fk(x),j;fk(y) j •' '/• 



(2.5) 
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For each n, we rewrite n as n = sk + I, where s > 0, < I < k. Then for any integer < j < k, 
we have 

fn(x) < fj(x) + f k (T j x) + ■■■ + MT^ k T^x) + f k+l ^(T^ k T^x), 

where we take fo{x) = 0. Let C\ — max 3= i i ...2s ; max l£ ^ Summing over j from Q to k — 1, we 

have 

(s-l)fc-l 

kf n (x) < 2kd + MTx). 

Hence 

(s-l)fc-l n-l 

fn(x)<2C 1 + l fk{T l x)<AC l + Y.k h{rx) - (2 ' 6) 

i=0 i=0 

Set C = ACx. By (|2~5|) we have that 

n — 1 n—1 



" * 1 ~T 

sup /„(y)< sup (C + ^r/fe(T^)) < V -/ fc (TV) + nr? + G 
This completes the proof of the lemma. □ 



3 Supadditive measure-theoretic pressures 

Recall that supadditive sequence is defined in (|1 . 10|) 

Definition 3.1. Let <f> = {<fi n } be a given supadditive potential. For /i G £t, < 8 < 1, n > 1, and 

e > 0, pu£ 

Pfi(T, $, n, e, (5) = inf{^ ] e^ n ^ | P is an (n, e, S)-spanning set} , 

P M (T, e, J) = limsup - log P M (T, $, n, e, <5), 
P fl (T,$ ) 5) = lirnP M (T,$,e,5), 

P^T,*) = UmP ll (T,$,S), 

o— >o 

where P^(T, <f>) is called the supadditive measure-theoretic pressure of T with respect to $. 

Note that there is small difference between the definitions of P M (T. T, n, e, 8) and P^(T, <&, n, e, 8). 
This difference makes it possible to remove the tempered variation assumptions on the potentials as 
in I301I3T]. 

Remark 3.1. Similar to Remark \l.l[ P M (T, $,5) also increases with 8 and therefore the limit in the 
last formula exists. Moreover, by Provosition \3.2\ below P M (T, <£>,<5) is independent of 8. 

Recall that if T — {B ni (xi, e)}; is a cover of a subset Z C X, where e > 0, then n(r) = mini{n;}. 

Definition 3.2. Let $ = {4> n } be a given supadditive potential. For s > 0, define 

M(Z,<f>,s,N,e) = w£j2 

exp(-sni + (j> 7li (xi)), 
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where the infimum is taken over all covers T — {B ni (xi,e)}i of Z with n(T) > N. Then let 

m(Z,<f>,s,e) = lim M(Z,<f>,s,N,e), (3.1) 

N—>oo 

P Z (T, $, e) = inf{s : m{Z, $, s, e) = 0} = sup{s : m{Z, $, s, e) = +00}, (3.2) 

P z (T,$)=HminfP z (T ) $,e), (3.3) 

where Pz(T, <&) is called a supadditive topological pressure o/T on £/ie se£ Z (w.r.t. 
Further, for ji € M.t, put 

P;(T, $, e) = inf{P z (P, $, e) : = 1}, 

P;(T,$) = liminfP;(T,$, £ ), (3.4) 

where Pt(T, $) is called a supadditive measure-theoretic pressure of T with respect to fj,. 
Definition 3.3. Put 

A(Z,$,N,e) = M ^ exp(<f> N {x)), 
B N (x,e)er 

where the infimum is taken over all covers T of Z with m = N for all i. And then we set 

CP Z (T, $, e) = lim inf i log A(Z, $, iV, e), (3.5) 

CP Z {T, $,e) = limsu P 4logA(Z,$,iV,e). (3.6) 

AT-S-oo ^ V 

Por £ Mt, define 

CP*JT, e) = lim inf{CP z (T, $, e) : > 1 - 
CP* (T, $, e) = lim inf{CP z (T, $, e) : > 1 - 5}. 

T7ie supadditive lower and upper capacity measure-theoretic pressure of T with respect to measure /i 
are defined by 

CP*(T,$) = liminfCP*(T,$,e), (3.7) 

CPl(T,$) = liminf CP*{T,*,e). (3.8) 

It is easy to see that all the pressures of supadditive potentials defined as above have the same 
properties of the corresponding pressures of subadditive potentials. We state it here, whose proof is 
similar and left to the reader. 



Proposition 3.1. All the properties stated in Provosition \2.1\ are true if we replace the subadditive 
potential J- by a supadditive potential <I>. 



Proof of Theorem C. The last equality is proved in Proposition 13.21 below. So by Proposition 13.11 we 
only need to prove CP* (T, $) < h^T) + F*{p) and P*{T, $) > h^T) + P*(/i). 
For fi £ St, we first assume h^T) is finite and set h = n M (T) > 0. 

Fix a small number 77 > and an e G (0,6^], where e v is determined in a similar way as in the 
proof of Theorem A. Hence, by the Brin-Katok theorem (see [7]) for local entropy, for /^-almost every 
x G X there exists a number N\{x) > such that for any n > Ni(x), we have 



-]og/i(B n (x,e/2)) + h 
n 



< V- (3-9) 
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Since — $ = {—<p n } is a subadditive sequence, by the subadditive ergodic theorem, for /i-almost every 
x 6 X there exists a number N 2 (x) > such that for any n > N 2 (x), we have 



n 



< V ( 3 - 10 ) 



Given TV > 0, set K N = {x e X : Ni(x),N 2 (x) < N}. We have that if at C IsTjv+i, and Uat^oATat is a 
set of full measure. Therefore, given 5 > 0, we can find Nq > for which h(Kn ) > 1 — f^- 
Fix a number A" > iVo. Let _E be a maximal (n, e)-separated subset of AT/v, then Ajv C U^b-B^x, e). 
Furthermore, the balls {B n (x, e/2) : a; G i?} are pairwise disjoint. By (|3.9p the cardinality of A 1 is less 
than or equal to expn(/i + rf). Therefore, by p. 101) we have 

A(K N , $, n, e) < >J exp(</>„(x)) < expn(h + rj) ■ expn($*(^) + r?) 
= expn($»(^) + /i + 2ry). 

It follows 

CPjf N (T, $, e) < (/i) + h + 2 V . 
Since ^l(Kn) >1 — 6 and /i(Ajv) —> 1 as A" — >• oo, we have 

CP^T, + + 27?. 

Let e — > and take limit. By arbitrariness of rj, we have CP „(T, $) < /i + 

To prove the other inequality, it is sufficient to prove that Pz(T, $) > h + $*(/-*) for any subset 
2 C I of full ^-measure. Fix a subset Z with full measure and a positive integer k. Note that for 

™ 1 

an additive sequence T — {/„} = — <^ oT 1 " 1 }, Pz{T,T) becomes the pressure Pz{T,f\) of 

z=l 

/i = {l/k)(j>k- So if we apply the same arguments as in the proof of Theorem A for the sequence, we 
get the inequality as in (|2.4[) . that is, 



Pz{T,\^ k )>h + J \ 
Using lemma [3~3l below, we have 

Pz(T, $) > h + J ^ fe d/i. 

The arbitrariness of k implies that Pz(T, > h + 

If h^(T) = +oo, we can easily have P^(T, $) = +oo. Thus we finish the proof of the theorem. □ 

Proof of Theorem D. As in the proof of Theorem C, set h = h^(f) > 0. By the same arguments, 
there is a sequence of subsets {Kn}n>i such that Kn C A^v+i and Uat>oAjv = K. Moreover, 

CP KN {T,^)<h + ^{n) 

for all sufficiently large N. Letting A^ oo, we get that CPk {T, $) < h + $*(£*). 

By Theorem C, the reverse inequality Pk(T, <&) > h + &*(fJ-) is immediate since /i(AT) = 1. Hence 
Theorem C and Proposition 13.11 implies the desired results. □ 



Proposition 3.2. Let (X,T) be a TDS, and $ = {4> n } a subadditive 'potential on X. For /i 6 £t, we 

have 

P P (T,$) = IimIiminf-togP l ,(T,*,n,e,5) = h^T) + $*(». 
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Proof. Fix a positive integer k and a small number 5 > 0. Take 77 > 0. Let eo be as in Sublemma 
Then by Lemma HTH for any e € (0, e ], n > 0, we can get 

P^T, $, n, e, S) > e-^-Cp^T, ^-,n,e,S). 

By Theorem 2.1 in [15], 

lim liminf - log PJT, n, e, 5) = /iu(T) + / %d/j. 
e—to n->oo n k J x k 

Hence by definition, we have 

P„(T, $)> lim liminf - log P^T^^e, 5) -r 1 >h fl {T) + f - 77. 

Note that 77 is arbitrary. By letting k — >• 00 we get 

Pp(T,$) > Urn liminf - log P M (T, $, n, e, 5) > ft M (T) + *,(/*). (3.11) 

e— >0 n— >oo n 

Now we only need to prove the reversed inequality P AI (T, $) < h^(T) + 

Take 77 > 0. For each TV, take a set if/v as in the proof of Theorem C. Then take No > such 
that for any N > No, fi(K^) > 1 — 8. For any n > N, let F n be a maximal (n, e/2)-separated subset 
of Kn. Then Kn Q U x< =F„B n {x, e). It means that F n is a (n, e, (^)-spanning set. 

By (|3.9p . if x 6 ifjv, then fj,B n {x,e/2) > exp[— n(h + r])]. Hence, F n contains at most exp[n{h + r))] 
elements. By (I3.10p . if a; € Kn, then <j> n {x) < + 77). Now we get 

^2 cxp[cj) n (x)} < ^2 exp[n($*(/j) + 77)] < exp[n(h + rj)] ■ exp[n($*(M) + v)] 

i£F„ xeF n 

= exp[n(h + $* {pi) + 277)] . 



Therefore, 



Consequently, 



P M (T, $, n, e, <J) < exp[n(/i + Mm) + 2»?)]. 



P M (T,$,5)</i+$*(/x)+2r ? . (3.12) 
Since 6 and 77 are arbitrary, we have 

P M (T,$)<^(T) + $ t (/x), 
which is the desired inequality. □ 

Lemma 3.3. Let {X,T) be a TDS and $ = {<p n } a supadditive potential. Fix any positive integer k. 
For each subset Z we have 

Pz{T^)>Pz{T,-d> k ). 



Proof. Fix a positive integer k. By Sublemma 13.51 below we have 

M{Z, $, s, N, e) > e~ c M{Z, \<t>k,s + V, N, e). 

Therefore 

Pz{T,^ k ) < Pz(T,$) + 77. 
This immediately implies the desired result. □ 
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Lemma 3.4. Let (X,T) be a TDS and $ = {<fi n } a subadditive 'potential. Let k be any positive integer 
and /j, £ St- Then for any r\ > 0, there exist an eo > such that for any < e < eo, n > 0, S S (0, 1], 
we have 

P„(T,$,n, C ,*) > e-""- c P M (T,^,n,e,(5), 

and therefore 

fk 

k 



P li {T,F)>P^T, J -±). 



Remark 3.2. For a subadditive potential J- = {f n }< the result becomes P^iT, J-) < P^(T, 



Proof of Lemma \3.4\ By Sublemma l3.5l below. for any small number 77 > 0, there exist an eo > such 
that for any < e < eo, n > 0, S G (0, 1], we have the first inequality of the lemma. Therefore 



P^(T^)>P^T,^)-n. 



The arbitrariness of 77 immediately yields the desired result. □ 

Sublemma 3.5. Let [X,T) be a TDS and $ = {<p n } a supadditive potential. Fix any positive integer 
k. Then for any small number 77 > 0, there exist an eo > such that for any < e < eo we have 

n— 1 _^ 

(j> n {x)> sup y2-r<t>k( Ti y) -nrj-C, 
where C is a constant independent of 77 and e. 

Proof. Fix a positive integer k. Since x<f>k(%) is a continuous function, for any 77 > 0, there exist 
e > such that for any < e < e , 

d(x, y) < e d(i<?i fc (x), ^4> k {v)) < V- 

Using the supadditivity of as (|2.6[) we have 

n— 1 1 

where C is a constant. Thus 



4=0 



n-1 



1 

6 n (x) > sup ^2 T<Pk{T l y) - nq-C, 

y£B n (x,e) 4=Q K 



which is the desired result. □ 



4 Dimensions of ergodic measure on an average conformal 
repeller 

In this section we give an application of the nonadditive measure-theoretic pressures to average confor- 
mal repellers defined in 1 . We use the relations proved in the previous sections among the pressures, 
entropy, and limits of the nonadditive potentials to prove that the Hausdorff and box dimension of an 
average conformal repeller is equal to the Hausdorff dimension of an ergodic measure support on it. 

Let M be an m-dimensional smooth Riemannian manifold. Let U be an open subset of M and 
/ : U A/ be a C 1 map. Suppose J C U is a compact /-invariant subset. And let M(f\j) and 
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£ (f\j) denote the set of all /—invariant measures and the set of all ergodic measures supported on J 
respectively. 

For x s M and v £ T X M , the Lyapunov exponent of v at x is the limit 

X (x,v) = lim ilog||D/»|| 

if the limit exists. By the Oseledec multiplicative ergodic theorem [21] , for ^-almost every point x, 
every vector v G T X M has a Lyapunov exponent, and they can be denoted by Ai(x) < \2(x) < • • • < 
X m {x). Since the Lyapunov exponents are /-invariant, if [i is ergodic, then we can define Lyapunov 
exponents Ai(/_t) < < ■ • ■ < A m (/i), where m = dimM, for the measure. 

A compact invariant set J C M is an average conformal repeller if for any /i £ £ (/|j), Ai(/i) = 
^(t 1 ) = ■■■ = A m (/i) > 0. For simplicity we denote by A(/z) the unique Lyapunov exponent with 
respect to /i. 

Remark 4.1. // a compact f -invariant set J is an average conformal repeller, it is indeed a repeller 
in the usual way (J9$). that is, f is uniformly expanding on J . 

On the other hand, there are average conformal repellers which are not conformal repellers ( see an 
example in J33f ). 

Remark 4.2. The notion of average conformal repellers is a generalization of the quasi- conformal 
and asymptotically conformal repellers in [2, "SB/ . In fl]/, the authors studied the dimensions of average 
conformal repellers by using thermodynamic formalism. 

Given a set Z C M , its Hausdorff dimension is defined by 

dim H (Z) = inf{s : lim inf V (diamUT = 0}, 

where U is a cover of Z and diamW = sup{diam£7 : U G U}. If v is a probability measure on M, 
then the Hausdorff dimension of the measure v is given by 

dim H (f) = inf{dim H (^) : Z C M, vZ = 1 }. 

The upper and lower box dimensions of Z are defined by 

dW B (Z) = lim sup hgN ^ and dim R (Z) = lim inf l ° gN ^ 
e ^o -loge e^o -loge 

respectively, where N(e) denotes the minimum number of balls of radius e which cover Z. dime(^) 
and dim B (Z) are also called upper and lower capacities. If dime(^) = dim B (Z), then we simply call 
this number the 602; dimension, and denoted it by dime(^). Similarly, for any probability measure v, 
we have 

dirnB(^) = lim inf{dhn" B (Z) : Z C M, vZ>\-5}, 
dim B (V) = lim mf{dim B (Z) : Z C M, vZ>\-5}. 

5— >0 

The upper and lower Ledrappier dimensions ( [191 122| ) is given by 

,. ,. logiVM) , a- r s r v ■ 1 1 °S iV M) 
dimr, (v) = lim limsup and dim T (v = nm nm ml , 

^ ' S^O e ^ "loge -5^0 e^O - log £ 

where N(e, 5) is the minimum number of balls of diameter e covering a subset in M of measure greater 
than 1—5. 
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It is known that if a compact invariant set J C M is a conformal repeller for a C 1 map, then J 
support an ergodic measure /x such that the Hausdorff or box dimension of measure fi are equal to the 
Hausdorff or box dimension of the set J, which are known as the variational principle for dimension. 
And these dimensions can be given by the ratio of the measure-theoretic entropy and the Lyapunov 
exponent (see e.g. [H EH [33]). See also [20] for some recent progresses of variational principle of 
dimension for non-conformal maps. 

Our next theorem is a generalization of the results to average conformal repeller of a C 1 map /. 

Theorem E. Suppose J is an average conformal repeller of a C 1 map f , then there exists an f - 
invariant ergodic measure \x supported on J such that 



D{J) = D(p) 



Kif) 



where D{fi) is dimu [i, dimL/x ; dim L /i, dime/i or dim B /x, and D{J) is dimjj J, dim B J or dime J. 

In the following, for each /-invariant ergodic measure /j, supported on J, we will construct a certain 
set K whose dimension is equal to the dimension of the measure. 

We denote by m(Df(x)) the minimal norm of Df(x), that is, m(Df(x)) = min{||£)/(a;)u|| : u £ 
T,M, ||u|| = 1}. 

Theorem F. Suppose J is an average conformal repeller of a C 1 map f, and fi G £(/|j). Let 
T = {logm(D/™(x))}„>i and 

K = {xeM : lim limsup - lo &KB n (x, e)) _ ^ ^ 1 b /^ym/g.^ _ 

T/ien we have 

D(K) = D(ji), 

where D(fi) is dinifj pi, dim^/i, dim L M, dime/i or dim B /i, and D{K) is diniu-ft', dim B X or dime-f^. 
We end the paper by provide a proof of these two theorems. 

Proof of Theorem E. In pQ, the authors proved that D(J) = so, where so is the unique root of the 
equation P(f,—sJ 7 ) = 0, where T = {logm(D/"(x))}„>i. Next, we show that the subadditive 
topological pressure P(f, —sT) can be attained by an ergodic measure. 

By Remark 14. 11 we know that the entropy map v <-> h v (f) is upper-semicontinuous on M(f\j). It 
is also easy to check that v m> — sT*{y) is upper-semicontinuous on M{f\ j). Hence by compactness of 
M(f\j), and the variational principle for subadditive topological pressure [8], we have P(f, — sJ 7 ) = 
h fla (f) — s7 r *(/io) for some invariant measure no € -M{f\j)- By ergodic decomposition theorem (see 
e.g. [27] ). we can obtain that P(f, —sJ-) = h^(f) — sJ-*(fi) for some /-invariant ergodic measure /x. 

Note that J-"*(/x) = X(p) is the unique Lyapunov exponent with respect to fi. Hence D( J) — s = 
^*/v . On the other hand, by (10, Corollary 2]), we can get D(/i) = ■ Thus we obtain the 
equality of the theorem. □ 

Proof of Theorem F. For an /-invariant ergodic measure fj, and for each s > 0, by Theorem 4.2 in pQ, 
the set K is equal to the set 

\x £ M : lim limsup - lo ^ B ^ e )) = h(T) and lim — V 0(fx) = -s [ <f>dfi} , 

where (f>{x) = — log | &et(D f{x))\. Using Theorem B, we have 

P K (T, ~s4>) = CP K (T, -a® = M/) - s I Mi. (4.1) 



i=0 
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For every subset Z C J, it is proved in [TU] that 

dirriH Z > t* and dime^ < s*, 

where t* and s* are the unique root of the Bowen's equation Pz{f, —t<j>) = and CPz{f, —s<j>) = 
respectively. Using this fact and (|4.ip . we have 

dim H K > ^fi- and dfa B K < -^44 

since J~*(fJ-) — J <fid/i. Note that ^F*(n) is equal to the unique Lyapunov exponent A(/x) because J is an 
average conformal repeller. Combining the above inequalities and the result in Theorem E, we have 

M/) 



□ 
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